Abstract: This paper presents a general approach for analysing the response of beam, plates and shells to short duration pressure pulses typically encountered as a result of underwater explosions. The problem is formulated in terms of curvilinear coordinates and the resulting equations can then be specialized for each particular geometry. Results are presented for several examples.
Introduction
This article deals with the analysis of the response of sandwich structures with composite facesheets to distributed pressure loads resulting from in-air or underwater explosions. The effect of explosions on structures has long been studied particularly for in-air explosions on building structures. The current state of the area for this type of explosion can be found in several books (e.g. [1] [2] [3] [4] ). For underwater explosions the standard references is Cole's 1948 book [5] . These references describe the physics of explosions and the resulting loads applied on surrounding structures.
In recent years, a significant amount of research efforts was directed towards studying the effect of both in-air and underwater explosions on sandwich structures. Metallic sandwich structures subjected to blast loadings have been studied extensively. Typically these structures have metallic facesheets and various cores including: honeycomb [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] , corrugated core [6, 12, 18, 19] , truss cores [6, 8, [20] [21] [22] [23] [24] [25] [26] [27] , Y-shaped cores [28] [29] [30] [31] [32] [33] , polymer foams [34] , metallic foams [35] [36] [37] . Generally these studies attempt to determine the maximum blast loading that the structure can resist. This involves the crushing of the core and the plastic deformation and failure of the facesheets. Several studies have shown that the mechanical properties of foams, honeycombs, and lattice cores increase with the relative density of the core (density of core/density of base material). Advanced manufacturing techniques used to produce specially designed core structures makes it possible to achieve much higher relative densities than those of commercially available honeycombs or foams. The effect of blast loading on sandwich structures with laminated composite facings and either foam or honeycomb cores has been studied analytically or numerically by Li- brescu and coworkers [38] [39] [40] [41] , Kardomateas et al. [42] [43] [44] , Bahei-El-Din and Dvorak [45] [46] [47] [48] , Andrews and Moussa [49] , Tagarielli et al. [50] , Main and Gazonas [51] . Experimental results were presented by Shukla et al. [52] [53] [54] . Several of these investigations deal with the response to strong explosions that result in extensive crushing and failure of the core and failure of the facings [45] [46] [47] [48] [51] [52] [53] [54] . To design blast resistant sandwich structures it is necessary to prevent such failures and the material can be considered to remain elastic during the event [38] [39] [40] [41] [42] [43] [44] 55] . Two time scales control the response of the structure to blast loading: the short time scale of the order of the travel time of compressive waves through the thickness, and the long time scale of the order of the period of the first bending mode of the structure. The transverse compressibility and low compressive strength of the core material can lead to strong relative motion between the two facesheets and core failures. Models for the analysis of sandwich structures and their finite element implementation were reviewed recently by Carrera et al. [56] [57] [58] who showed that on the long time scale the response depends on a geometric parameter (length/thickness ratio) and a mechanical parameter (face-to-core-stiffness-ratio). In Librescu et al. [38] [39] [40] [41] , through-the-thickness wave propagation effects were not considered and the characteristic time of the loading was taken to be much longer that the period of the first bending mode. In pratical applications, the duration of the applied pressure pulse is likely to be shorter that the fundamenetal period of the structure. Kardomateas et al. [42] [43] [44] developed a higher-order shell theory that allow the transverse displacements in the core to vary through the thickness according to a fourth order polynomial of the transverse coordinate. This model predicts relative motion between the facesheets but some aspects of the transverse normal stresses obtained with this model are unrealistic. This article examines the dynamic response of composite sandwich structures to pressure pulses produced by explosions. A general formulation is used to derive the equations of motion of beam plates and shells and several issues are examined. First we establish some guidelines for assessing the effect of transverse shear deformation and rotary inertia on the dynamic behaviour of sandwich structures. Then we determine the effects of curvature on the number of modes participating in the dynamic response of curved panels. Finally we examine the early phase of the response and present a simple model to predict the transverse normal stresses at any point through the thickness of the core.
Underwater explosions produce blast waves that can be modelled as exponentially decaying pressure pulses and an oscillating gas bubble. While the effect of the blast wave on composite and sandwich plates has been studied by a number of investigators, the effect of the gas bubble is often ignored assuming that the explosion occurred far away from the structure. With far away explosions, the blast wave can be assumed to have a planar front so that the pressure on the surface of a plate is uniformly distributed. This article describes a general approach for analyzing the response of beams, plates and shells to pressure pulses generated by underwater explosions.
Equations of motion in curvilinear coordinates
In order to provide a unified framework for the analysis of beams, plates and shells the equations of motion are derived in a curvilinear coordinate system. This is a consistant approach to generate the governing equations for many different geometries using the same kinematic assumptions and the same strain-displacement relations. The coordinates of an arbitrary point are defined by the coordinates α 1 and α 2 along two lines of principal curvatures on the mid-surface and by α 3 in the normal direction. Following Soedel [59, 60] , for small displacements, the strain-displacement relations are 
where the midplane strains and curvatures are
The strain energy and the kinetic energy stored in the shell are given by 
and
where V is the volume of the shell and, with curvilinear coordinates, the volume element V is
After integrating through the thickness, the kinetic energy of the shell can be written as
where Ω is the midsurface of the shell, Ω = A 1 A 2 dα 1 dα 2 , and the inertial properties are
When a pressure is applied in the -direction, the work done by the externalforces is
The equations of motion of the shell are derived using Hamilton's principle
For the five independent functions in Equation 2, the five equations of motion are
in terms of the force and moment resultants which are related to the mid-surface strains, curvatures and transverse shear strains through the usual ABD matrices. In the following, Equation 12 are specialized for various beams, plates and shells. While the kinematic assumptions adopted here (Equation 2) are commonly used, other assumptions can also be used. Similarly, while the linear strains are used here (Equation 3), when large deflections occur, nonlinear terms can be introduced and the same process can be followed to derive the equations of motion.
Straight beams
The equations of motion for a straight beam oriented in the x-direction is obtained using
for axial motion, and the Timoshenko beam equations
for the transverse motion. EA, EI, and GA are the axial, bending and shear rigidities in the usual notation for beams. When shear deformations are neglected, the rotation of the cross-section becomes
∂ and Equation 14 can be combined to give the Rayleigh's beam equation
Neglecting the rotary inertia (I 2 = 0) and the inertia coupling term (I 1 =0) in Equation 15 gives the BernoulliEuler beam equation.
Curved beam
For the inplane motion of a curved beam, using 
Cylindrical shell
Equation 17 are similar to those used by Warburton and Higgs [62] and by Soedel [63] who neglected the inertia coupling terms (I 1 = 0) and the rotary inertia (I 2 = 0). In this form the equations apply whether shear deformations are included or neglected as in [63] . Following Cederbaum and Heller [64] , for simply supported boundary cylindrical shells, the boundary conditions are satisfied exactly when the solution is taken as
Substitution into the equations of motion (Equation 17) gives the natural frequencies and mode shapes and using the modal analysis technique a second order differential equation is obtained for each function T ( ). In that process, the pressure applied on the external surface of the shell is decomposed in a Fourier series to account for non-uniform spatial distributions.
Spherical shells
For spherical shells,
The equations of motion in curvilinear coordinates reduce to the equations developed by Jahanshahi [65] 
Underwater explosions
Following the detonation of an explosive under water, a superheated, highly compressed gas bubble is formed along with a shock wave in the surrounding water. After a very short time, the spherical, exponentially-decaying shock wave propagates at the speed of sound (1500 m/s). The bubble begins to expand in size and the pressure inside the bubble drops. Because of inertial effects, the bubble over-expands and the hydrostatic pressure becomes larger than the gas pressure inside the bubble. The gas bubble reaches a maximum radius and starts to contract. It will then reach a minimum and expand again. At that time, a second pressure pulse is emitted. The process of expansion and contraction of the gas bubble is repeated several times with the maximum radius of the bubble and the bubble pressure pulse both decaying with time. The gas bubble will also move towards the surface of the water during the oscillation stage. In terms of the energy released by an underwater explosion, approximately 53% of the energy goes into the shock wave and 47% into the pulsation of the gas bubble. Damage to the hull of a vessel depends on the stand-off distance of the charge. For large stand-off distances, the effects of the explosion bubble become negligible and many authors focus exclusively on the effects of the shock wave. For large stand-off distances, the shock-wave front is essentially planar while near the explosion the wave-front is spherical. In general the shock wave can cause localized damage on some hull panels but its duration is too small to affect the entire structure of the ship. When the charge is located near the hull, the effects of the gas bubble collapsing onto the structure and oscillating can be very significant. The pressure pulse in an infinite medium is usually described by
where the maximum pressure 0 , and the characteristic pulse duration are given by the empirical relations
where Q is in kg, R in m, 0 in MPa and in ms. . In order to avoid having to model the fluid-structure interaction problem, it is often assumed that the structure is rigid in order to determine the pressure at the interface. Figure 1 shows two examples illustrating the interaction of the shockwave with a flat structure. In both cases, the structure is on the horizontal plane = 0 and the water occupies the half-space > 0. We consider the panel defined by | | ≤ 1 and = 0. When the shock wave reaches the structure, the direct wave (DW) gives rise to a reflected wave (RW). In the first case, the explosive charge is located at = 0 and = 20 m and Figure 1 shows that the wavefront first reaches the panel at = = 0 and its radius is 20 m. Then, when the radius R = 20 025 m the entire panel is subjected to the effect of the direct wave and the reflected wave. In this case the radius is large compared with the size of the panel so the entire panel is loaded very quickly and rays from the source to any point on the surface are nearly perpendicular to the panel. Therefore, is usually assumed that the pressure on the surface of the panel is uniformly distributed over the surface of the panel and that it is equal to twice the incident pressure. In the second case the explosion occurs at = = 20 m, the loading starts at = 1 and panel is subjected to a non-uniform travelling pressure load.
Transient response of sandwich beams
Previous studies [39] [40] [41] 55] consider cases for which the characteristic time of the pulse is large compared to the period of the fundamental mode of the structure. Here we will focus on short pulses which have a very different response. First, we examine the applicability of the various theories for studying the dynamic response of sandwich structures for which shear deformation and rotary inertia effects might be significant. Then, a modal superposition approach is used to find the dynamic response of a simply supported beam to a step load and to an exponential pulse. The second objective is to determine the number of modes participating in the response and that must be included in the model. The third objective is to examine the characteristics of the response to a short pulse. With simple supports, the mode shapes of a Timoshenko beam can be written as
after substitution into the equations of motion, the natural frequencies are obtained by solving the bi-quadratic equation. Considering the effect of shear deformation alone (ρI = 0)
When the shear rigidity becomes large, the expression inside the brackets tends to one and the frequencies predicted by Equation 22 become equal to those given by the Bernoulli-Euler beam theory
The effect of shear deformation is characterized by the
To examine the effect of the rotary inertia, we find that the natural frequencies of a simply supported Rayleigh beam (Equation 15 ) is given by
The effect of rotary inertia depends on 2 = (ρI/ ρA) ( π/L) 2 . For a homogenous rectangular
Both parameters are proportional to the square of the thickness to length ratio and these effects become negligible for thin beams. Similarly, both parameters are proportional to 2 which means that the effects of shear deformation and rotary inertia effects are more pronounced on the higher modes. When = 1 and ν = 0 3, 1 and 2 are less than 0.01 when L/ > 35 8 and L/ > 9 1 respectively. For sandwich beams the same dependence of 1 and 2 parameters is observed but the minimum values of the L/h ratios depend on the thicknesses and material properties of the different layers and must be calculated on a case by case basis. To evaluate the effects of shear deformation and rotary inertia on the behavior of the beam, we consider an example of a simply supported sandwich beam taken from by Marur and Kant [66] . The width of the beam is 1 in., the total thickness of the beam is 0.536 in., the thickness of the core is 0.5 in., the elastic modulus and density of the facesheets are E = 10 7 psi, ρ = 2 5098 · 10
and the shear modulus and density of the core are G = 12 000 psi and ρ =3 0717 · 10 −6 2 / 4 . The length of the beam is 36 in. The first eight natural frequencies of that beam ( Table 1 ), indicate that the effect of shear deformation is very significant while that of the rotary inertia is small. As suggested by Equation 22 , shear deformation effects become more pronounced for higher 
ρA . The displacement response of each mode is inversely proportional to 5 and the moment response is inversely proportional to 3 . Therefore, the response is dominated by the first mode and the contribution of higher modes can be neglected. The response to an exponential pulse (Equation 20 ) is given by
When ω is much larger than one, the response is said to be quasi-static and the contribution of each mode is also inversely proportional to 5 . When ω is much smaller than one, the response is impulsive and the contribution of each mode is inversely proportional to in this case. 
Transient response of plates to exponential pulses
For small deflections, the modal equations can be written in non-dimensional form as
where the non-dimensional time is defined as τ = ωt. The solution isᾱ
where = 1 + 1
and φ = sin
The first term on the right hand side of Equation 29 is the quasi-static solution. It can be shown that in the phase plane (ᾱ versusᾱ), starting from the origin, the solution settles on a circle of radius once the exponential loading becomes negligible. Figure 2 shows that = 1 when ωt > 10 and ≈ ωt when ω < 0 3 Note that ω is also the value of the non-dimensional impulse. Figure 3 shows the phase diagrams for three values of ω : 0.01, 0.4 and 4. When ω = 0 01, the diagram shows that the velocity increases very rapidly with very little displacement before settling on the circle of radius indicating that the response is impulsive. When ω = 0 4, the transient phase last longer but the magnitude does not exceed the radius . When ω = 4, the radius well exceeds and it takes several cycles to reach the free vibration phase. Figure 4 shows that when ω = 0 4 the response is well approximated by the second term in Equation 29 .
The transient response of plates often leads to large deflections. In that case, following von Karman the two inplane normal strains are given by Approximate solutions for simply supported plates were obtained using a series expansion of the transverse displacements w in terms the linear mode shapes. For a one-term approximation As in Kazanci and Mecitoglu [67] , the Librescu and Noiser [68] example is chosen for comparison. The structure is a three-layer cross ply (0 Figure 6 are in very good agreement with those obtained in [67] . A third comparison was made with the results presented by Akai [69] for simply supported square isotropic plate. The geometry and material parameters are: = = 0 25 m, = 0 05 m, E = 21 0 GPa, ν 12 = 0 25 and ρ = 800 kg/m 3 . The plate is subjected to a uniform step load of 100 kPa. A single mode and a four-mode analysis were carried out. 
Transient response of cylindrical shell panels
After studying the transient response of straight beams and plate, we examine the effect of curvature on the dynamic of the system by considering simply supported cylindrical panels and examining their free vibration characteristics and their response to a step pressure load. The motion of a cylindrical shell of radius R, in terms of the transverse displacement and the stress function φ is governed by two coupled partial differential equations 
are written as
Considering a cylindrical steel panel with E= 205 GPa, ν = 0 3, ρ =7900 / 3 , = 1 mm, = = 0 1 m. The natural frequencies of the panel in terms of m and n are plotted in Figure 9 for two values of the angle β. The dashed lines in that figure are the results for a simply supported plate with the same dimensions (thickness and length of the sides). Figure 9 shows that the curvature raises the frequencies of the lower modes and that there can be several modes with very closely spaced frequencies. Those modes will all participate in the overall response. For example, when the panel considered in the present example with β = π/2 is subjected to a unit step pressure pulse, the response contains contributions from many modes (Figure 10 ).
Effect of core compressibility
In a sandwich structure, the modulus of elasticity of the core is usually much lower than that of the facesheets in the transverse direction. It is also usually the case that, for waves propagating through the thickness, the travel time through the facesheets is much shorter than the travel time trough the thickness of the core. Therefore, the facesheets can be considered to be rigid and for an element of unit area, the free body diagram (Figure 11 ) shows the applied pressure ( ) on the left, the stress applied to the right face which is equal to the mechanical impedance of the core times the , the velocity of the facesheet. The equation of motion for the facesheet is 
In terms of the original variables, the velocity and the displacement of the front facesheet are 
These results are valid until the wave traveling through the thickness reaches the bottom facing, reflects back and reaches the interface between the front facing and the core. That is, for < 2 / where is the core thickness and the wave speed in the core is = E /ρ in terms of the modulus and density of the core. Until = / , the back facing does not move so the displacements given by Equation (40, 42) are the relative motion between the two facesheets. Divinycell 100 is a PVC foam used in sandwich construction with ρ = 101 kg/m 3 , E = 124 97 MPa so that = 1112 m/s and = 112 35 · 103 kg/m 2 / 2 . For a typical composite facesheet [55] the density ρ = 1588 22 kg/m 3 and the thickness = 1 5 mm so that the characteristic time of this facesheet-core combination is = 2 120 µ . Figure 12 shows that in response to a step pressure load the velocity increases and reaches a limit after about 10 µ . After this initial phase, the displacement increases linearly with time. A similar behavior is predicted for the exponential pulse loading. The predictions of this simple model have been verified by finite element analysis and it was shown that for sandwich structures there are two time T . Plate and shell theories cannot capture the through the thickness effect in the early phase but provide accurate estimates of the long term response. The model presented here can be used for analyzing the early phase of the response and make sure that the core does not get crushed during that phase.
Conclusions
This work investigates the effect of impulsive loads on the transient response of composite and sandwich structures. It is based on a general approach to analyze the response of beams, plates and shells to transient loads. The generalized equations of motion are derived in curvilinear coordinates and applied to different geometries such as beams, plates and cylindrical shells. General equations of the linear solution are presented, but the method is capable to account for geometric nonlinearities. A nonlinear solution is presented for the case of large deflections of plates and the results are in good agreement with some examples found in literature. It is shown that for underwater explosions at large stand-off distance from the structure it is possible to treat the shockwave front as planar, approximating the pulse shape by an exponential decaying function, while the effect of explosion bubbles is negligible. The ratio between the pulse duration and the period of the structure fundamental mode acts an important role on the dynamic response depending on the pulse duration: when the characteristic time ωt is lower than 0.3 it is possible to consider the shock load as impulsive, while for higher characteristic time the response takes several cycles to reach the free vibration phase and the load cannot be considered impulsive anymore.
About the dynamic response, it is shown that the structure behaves differently depending on its shape: the first mode dominates the dynamic response of beams and flat panels (thus, contributions from higher modes are negligible), while the response of curved structures has to be treated as the superposition of a higher number of modes, whose frequencies and amplitudes are closer.
